We obtain a nontrivial upper bound for almost all elements of the sequences of real numbers which are multiplicative and at the prime indices are distributed according to the Sato-Tate density. Examples of such sequences come from coefficients of several L-functions of elliptic curves and modular forms. In particular, we show that |τ (n)| ≤ n 11/2 (log n) −1/2+o(1) ) for a set of n of asymptotic density 1, where τ (n) is the Ramanujan τ function. In comparison, the standard argument, based on the estimate for the number of prime divisors of a typical integer n, only leads to the bound |τ (n)| ≤ n 11/2 (log n) log 2+o(1) for almost all n.
Introduction

Background and motivation
Let A ST be the class of infinite sequences {a n } n≥1 of real numbers, which satisfy the following properties:
• Multiplicativity: for any coprime positive integers m, n we have a mn = a m a n .
• Sato-Tate distribution: for any prime p we have a p ∈ [−2, 2] for the angles ϑ p ∈ [0, π) defined by a p = 2 cos ϑ p , and any α ∈ [0, π) we have
where, as usual, π(x) denotes the prime counting function of all primes p ≤ x.
• Growth on prime powers: There exist a constant ̺ > 0 such that for any integer a ≥ 2 and prime p we have |a p a | ≤ p (a−1)/2−̺ .
Very often such sequences come in the form λ(n)/n γ with some real γ > 0, where {λ(n)} n≥1 is the sequence of coefficients of a Dirichlet series of a certain L-function or of Fourier coefficients of a certain modular form.
In particular, we recall the striking results of Barnet-Lamb, Geraghty, Harris, and Taylor [1] , Clozel, Harris and R. Taylor [3] , Harris, ShepherdBarron and Taylor [8] who established that Fourier coefficients of several types of modular forms, after an appropriate normalisation, belong to the class A ST .
The two most famous examples of such sequences, to which the results of [1, 3, 8] apply, come from:
Here, we obtain a nontrivial upper bound on the size of |a n | that holds for almost all n and we also show that there are nontrivial cancellations in the summatory function of {a n } n≥1 ∈ A ST .
We note that our results can be viewed as analogues of those of Fouvry and Michel [5, 6] concerning Kloosterman sums. However the approaches of [5, 6] and of this paper are very different. In particular, Kloosterman sums do not satisfy the multiplicativity condition in the definition of the class A ST .
Main Results
We say that some property holds for almost all n if the number of n ∈ [1, x] for which it fails is o(x) as x → ∞. Theorem 1. For any sequence {a n } n≥1 ∈ A ST , the inequality
holds for almost all positive integers n.
With regards to the cancellations and sign changes, we prove the following result.
Theorem 2. For any sequence {a n } n≥1 ∈ A ST , the bound n≤x a n = o n≤x |a n | holds as x → ∞.
Notation
Throughout the paper, the implied constants in the symbols 'O', '≪' and '≫' may occasionally, where obvious, depend on the real parameter ̺ and are absolute, otherwise. We recall that the notations U = O(V ), U ≪ V and V ≫ U are all equivalent to the assertion that the inequality |U| ≤ c|V | holds for some constant c > 0.
We always use n to denote a positive integer number and use p to denote a prime number.
Preparations
Preliminaries on Arithmetic Functions
For the proof of Theorem 2, we need the following results. The first one is given by [7, Theorem 01] or [11, Lemma 9.6] .
Lemma 3. Let f be a multiplicative function such that f (n) ≥ 0 for every n. Assume that there exist positive constants A and B such that for x > 1 both inequalities
We are now ready to prove some estimates that are of independent interest:
Proof. To prove (i), we note that by multiplicativity and by the bound on the values of a n at prime powers, we have for any fixed γ ∈ [0, 2],
Recalling the Sato-Tate distribution property of the sequence {a n } n≥1 , and the Mertens formula (see [16, Chapter I.1, Theorem 9]), via partial summation we obtain
as x → ∞. The above integral evaluates to 0.848826 . . . when γ = 1 and to 1 when γ = 2. Hence, we obtain (i) and we also obtain that
Finally, noting that the function f (n) = |a n | 2 ≤ 1 satisfies the conditions of Lemma 3 with some appropriate constants A and B, we derive (ii) from the inequality (1) .
⊓ ⊔
For a set of primes P and a positive integer n we write
where the notation p k n means that k is the unique integer with p k | m and p k+1 ∤ m. We also define
We need the following special case of [7, Theorem 08].
Lemma 5. For a sufficiently large x and a positive integer
we have
Cubature Formulas for Improper Integrals
Our argument depends on bounds on the error of approximation to the improper integral
via some cubature sums. Our argument is very similar to that of [14] where an improper integral with a similar function has been studied. In fact, we present it in a more general form that is needed for our applications.
First, recall that the discrepancy
where K(α) is the number of j = 1, . . . , K with κ j ≤ α. 
We are now ready to prove the desired result. We formally set log 0 = −∞ and also follow the agreement that −∞ ≤ z for any real z.
Lemma 7. For the function F (ω) = sin 2 (πω) log |2 cos πω| and any sequence
Proof. As we have mentioned, we closely follow the argument of [14] , where a similar result is given for the integral with log | cos πω|. We fix some δ > 0 and consider the function
Using that
it is easy to show that
Indeed, let ϑ ∈ [0, 1/2] be a root of the equation
where
Using (2), we see that
Furthermore, taking logarithms in (2), we get that
Furthermore, elementary calculations show that
) and invoking Lemma 6, we conclude the proof.
⊓ ⊔ Corollary 8. For the function F (ω) = sin 2 (πω) log |2 cos πω| and any integer K, we have
Clearly, if we assume that K is odd in Corollary 8, then our agreement about log 0 = −∞ is not necessary.
3 Proof of Theorem 1 3.1 Preliminary split and contribution from squarefree part of n
We let x be large and n ∈ [x/ log x, x]. Recall that a number m is squarefull if
where s(n) is squarefull, t(n) is squarefree and gcd(s(n), t(n)) = 1. Let y = log log x. Using the multiplicativity and the growth condition on prime powers we immediately derive the trivial bound
To bound #E 1 (x) from above, we note that each n ∈ E 1 (x) is a multiple of some squarefull number m ∈ [y, x]. Fixing m, the number of such multiples is ⌊x/m⌋ ≤ x/m. Hence,
where for the last estimate we have used partial summation together with the fact that the counting function of the set of squarefull numbers m ≤ x is O(x 1/2 ) (see [15] for a much more precise result). Now write a n = a s(n) a t(n) .
If n ∈ E 1 (x), then
Further split and estimating the number of exceptional integers
We now concentrate on t(n). We choose a large odd positive integer K and write ϑ
Since {a n } n≥1 ∈ A ST , we conclude that when K is fixed, for the set
where o K (1) denotes a quantity that tends to zero for a fixed K and z → ∞ and
Since
Furthermore, considering separately the cases when j ∈ {0, K − 1} and j ∈ {0, K − 1}, we see that
holds for all j ∈ {0, . . . , K − 1}. We put
and consider the sets
where Ω P (n) is defined in Lemma 5.
Using partial summation we derive from (5) that
where, as before, o K (1) denotes a quantity that tends to zero for a fixed K and x → ∞. Namely,
where in the above calculation we used (5). Thus, from Lemma 5 and the Stirling formula after routine calculations we derive
.
For |η| ≥ 1, we have,
Recalling our choice (8) of δ and using the upper bound on ρ (K) j in (7), we conclude that η (K) j ≥ c K 7 for some absolute constant c > 0 provided that K is large enough. Putting
we have that
Contributions from distinct classes of primes divisors of typical integers
From now on, assume that n ∈ E 1 (x) ∪ E 2 (x). Write
where for a set of primes P and a positive integer m we write
Also
as x → ∞. Hence, we now deduce that
Note that
By the Intermediate Value Theorem, for j = 0, 1, . . . , K − 1, and p | n
so we conclude that
Thus, using (10) we derive
where,
Furthermore, since K is a large odd number, using (2), we derive we have log(2| cos ϑ
Recalling the definition (8) of δ and using (6) and (11), we derive
Putting everything together and concluding the proof
Thus, since K is odd,
where F (ω) = sin 2 (πω) log |2 cos πω| is as in Corollary 8. Thus,
Hence, recalling also (4), we derive
Since K is arbitrary and n ≥ x/ log x, we conclude from (3) and (9), that indeed the estimate |a n | ≤ (log n)
−0.5+o (1) holds as n tends to infinity through a set of asymptotic density 1.
Proof of Theorem 2 4.1 Sums S and T and negligible sets
We let x be sufficiently large, and define
a n and T = x/2<n≤x |a n |.
It suffices to show that S = o(T ) as x → ∞. Note first that by considering only those n which are primes p such that | cos ϑ p | ≥ 1/2, a set of density (4/π) π/3 0 sin 2 ϑdϑ > 0.39, we already get that
Suppose next that N ⊆ [x/2, x] is such that #N = O(x/(log x) 3 ). Then, by the Cauchy-Schwarz inequality and Lemma 4 (ii), we have,
as x → ∞. Hence, we may neglect the contribution to either S or T coming from any subsets N of [x/2, x] of cardinality at most x/(log x) 3 .
Discarding contributions from exceptional integers
Let y = exp 4 log x log log log x log log x .
For a positive integer m put P (m) for the largest prime factor of m with
From the theory of smooth numbers [2] , we know that
, where u = log x log y .
Since u = 4 log log x/(log log log x), it follows that u log u = (4+o(1)) log log x as x → ∞, and therefore (1) .
From now on, we discard the n in N 1 (x). Next let
Fixing p, the number of n ∈ [x/2, x] which are multiples of p 2 is at most ⌊x/(2p 2 )⌋ + 1. Thus,
From now on, we also discard n ∈ N 2 (x).
We write n = P (n)m. Then P (n) > max{y, P (m)} is prime and P (n) ∈ [x/(2m), x/m]. Further, any prime P in the interval [x/(2m), x/m] can serve the role of P = P (n) for n = P m, except when it is the case that P (m) ∈ [x/(2m), x/m]. Let N 3 (x) be the set of n of the form n = P (n)m, where P (n) > P (m) and P (m) ∈ [x/(2m), x/m]. Then P (m) > x/(2m) ≥ P (n)/2 > y/2, so that P (m) m (that is, P (m) 2 ∤ m). Write Q = P (m) and m = Qℓ. Then n = P Qℓ, P > Q > P/2 and P (ℓ) < Q. Further,
Let L(x) be the set of all possible values ℓ and for a fixed ℓ ∈ L(x), let N 3,ℓ (x) be the subset of n = P Qℓ from N 3 (x) with the corresponding ℓ. Note that P , Q and ℓ are pairwise relatively prime. Then
Summing up over all the possible values of ℓ and invoking Lemma 4 (i) and estimate (12), we get that
Contributions to S and T from typical integers
For each such n ∈ N (x), we write as before n = P m and let M(x) be the set of all possible values of m. Fix m ∈ M(x). We compare
Note that π 0 cos ϑ sin 2 ϑdϑ = 0 and
Clearly, since {a n } n≥1 ∈ A ST , we have
We see from the definition of S m and T m that if a m = 0 then S m = T m = 0.
Comparing (13) and (14), we obtain that if a m = 0 then S m = o(T m ). Therefore,
as desired.
Comments
Let τ (n) by the Ramanujan τ function defined by
introduced in [13] . By the celebrated Deligne [4] bound, we can write τ (p) = 2p 11/2 cos ϑ p with ϑ p ∈ [0, π]. It is also known that
where d(n) denotes the number of divisors of n (see [9, Equation (3. 32)]).
Recall that d(n) ≤ (log n) log 2+o (1) for almost all n (see [11, Equation (7.14) and Problem 7.3] or [16, Chapter I.5, Equation (9) and Theorem 5]). In particular, the inequality τ (n) < n 11/2 (log n) log 2+o (1) holds for almost all n. Recalling that as τ (n) is multiplicative (see [9, Equation (3.34)]), and by [1, 3, 8] we know that τ (p)/p 11/2 satisfies the Sato-Tate distribution, we derive from Theorem 1 that in fact the inequality τ (n) ≤ n 11/2 (log n)
−0.5+o (1) holds for almost all n.
It is certainly interesting to have a more quantiative version of Theorem 2 with an explicit saving on the right hand side. Such a general result seems impossible as one needs concrete estimates on the rate of convergency to the Sato-Tate distribution in the definition of the sequence {a n } n≥1 . However, for the above concrete examples our method can lead to such a result. 
